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Abstract. Isothermal processes of a ﬁnitely extended, driven quantum system in contact
with an inﬁnite heat bath are studied from the point of view of quantum statistical
mechanics. Notions like heat ﬂux, work and entropy are deﬁned for trajectories of states
close to, but distinct from states of joint thermal equilibrium. A theorem characterizing
reversible isothermal processes as quasi-static processes (“isothermal theorem”) is described.
Corollaries concerning the changes of entropy and free energy in reversible isothermal pro-
cesses and on the 0th law of thermodynamics are outlined.
Mathematics Subject Classiﬁcations (2000). 81Q05, 81Q10, 82C10.
Key words. adiabatic theorem, isothermal processes, reversible processes.
1. Introduction
The problem to derive the fundamental laws of thermodynamics, the 0th, 1st, 2nd
(and 3rd) law, from kinetic theory and non-equilibrium statistical mechanics has
been studied since the late 19th century, with contributions by many distinguished
theoretical physicists including Maxwell, Boltzmann, Gibbs and Einstein. In this
note, we report on some recent results concerning isothermal processes that have
grown out of our own modest attempts to bring the problem just described a little
closer to a satisfactory solution (see [1] for a synopsis of our results).
In the study of the 0th law and of Carnot processes isothermal processes play
an important role. Such processes arise when a system with ﬁnitely many degrees
of freedom, the “small system”, is coupled diathermally to an inﬁnitely extended,
dispersive system, the “heat bath”, e.g., one consisting of black-body radiation, or
of a gas of electrons (metals), or of magnons (magnetic materials), at positive tem-
perature. (Diathermal contacts are couplings that preserve all extensive quantities
except for the “internal energy” of the “small system”. The latter will be precisely
deﬁned later.) During the past ten years, a particular phenomenon, “return to equi-
librium”, encountered in the study of isothermal processes of quantum-mechanical
systems, has been analyzed for simple (non-interacting) models of heat baths, by
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several groups of people [2–6]: After coupling the small system to the heat bath,
the state of the coupled system approaches an equilibrium state at the temperature
of the heat bath, as time t tends to ∞. Further, if all contacts of the heat bath to
its environment are broken the state of the heat bath returns to its original equi-
librium state [7,8]. (The state of an isolated inﬁnite heat bath is thus characterized
by a single quantity: its temperature!)
The results in [2–6] are proven using spectral- and resonance theory, starting
from the formalism developed in [9]. If HR denotes the Hilbert space of state vec-
tors of the inﬁnite heat bath, R, at a ﬁxed temperature (kβ)−1, where k denotes
Boltzmann’s constant, (HR is obtained with the help of the GNS construction, see
[9,10]), and H denotes the Hilbert space of pure state vectors of the “small sys-
tem” , the Hilbert space of general (in particular mixed) states of the composed
system, R∨, is given by
H≡HR∨ :=HR⊗ (H ⊗H); (1)
see [4,9]. The equilibrium state of the heat bath, or reservoir, R at inverse tem-
perature kβ corresponds to a vector Rβ ∈HR, and a general mixed state of the
small system  can be described as the square root of a density matrix, which is
a Hilbert–Schmidt operator on H , or, in other terms, as a vector in H ⊗H .
The dynamics of the composed system is generated by an (in general, time-
dependent) thermal Hamiltonian, or Liouvillian,
L(t) :=L0(t)+g(t)I, (2)
(the “standard Liouvillian”, see, e.g., [6,9]), where
L0(t)=LRβ ⊗ (1⊗1)+1⊗ (H0 (t)⊗1)−1⊗ (1⊗H0 (t)) (3)
is the Liouvillian of the uncoupled system, LRβ is the Liouvillian of the heat bath,
with LRβ 
R
β =0, H0 (t) is the (generally time-dependent) Hamiltonian of the small
system, and where g(t)I is a spatially localized term describing the interactions
between R and , with a time-dependent coupling constant g(t). Concrete models
are analyzed in [2–7].
We will only consider heat baths with a unique equilibrium state at each temper-
ature; (no phase coexistence). If L0(t)≡L0 and g(t)≡g are independent of t , for
t t∗, “return to equilibrium” holds true if we can prove that L has a simple eigen-
value at 0 and that the spectrum, σ(L), of L is purely continuous away from 0;
see [2–4]. The eigenvector, β ≡R∨β , of L corresponding to the eigenvalue 0 is
the thermal equilibrium state of the coupled system R∨ at temperature (kβ)−1.
Since L0 tends to have a rich spectrum of eigenvalues (embedded in continuous
spectrum), it is an a priori surprising consequence of interactions between R and
 that the point spectrum of L consists of only one simple eigenvalue at 0; (see
[2–6,11] for hypotheses on the interaction I and results). Under suitable hypothe-
ses on R and , see [2–4], one can actually prove that “return to equilibrium” is
described by an exponential law involving a ﬁnite relaxation time, τR.
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If the Liouvillian L(t) of R∨ depends on time t , but with the property that,
for all times t , L(t) has a simple eigenvalue at 0 corresponding to an eigenvec-
tor β(t), then β(t) can be viewed as an instantaneous equilibrium (or reference)
state, and τR(t) is called instantaneous relaxation time of R∨ . Let τ be the
time scale over which L(t) changes appreciably. Assuming that, at some time t0,
the state, (t0), of R∨  is given by β(t0), it is natural to compare the state
(t) of R ∨  at a later time t with the instantaneous equilibrium state β(t)
and to estimate the norm of the difference (t)−β(t). One would expect that
if τ  supt τR(t), then
(t)β(t).
In [12], we prove an “adiabatic theorem”, which we call “isothermal theorem”,
saying that
(t)
τ→∞→ β(t), (4)
for all times t t0. The purpose of our note is to carefully state this theorem and
various generalizations thereof and to explain some of its consequences; e.g., to
show that quasi-static (τ →∞) isothermal processes are reversible and that, in the
quasi-static limit, a variant of the 0th law holds. We also propose general deﬁni-
tions of heat ﬂux and of entropy for trajectories of states of R∨  sampled in
arbitrary isothermal processes and use the “isothermal theorem” to relate these
deﬁnitions to more common ones. Details will appear in [1,12].
2. A General “Adiabatic Theorem”
In this section we carefully state a general adiabatic theorem which is a slight
improvement of results in [13,14] concerning adiabatic theorems for Hamiltoni-
ans without spectral gaps. Our simplest result follows from those in [13,14] merely
by eliminating the superﬂuous hypothesis of semiboundedness of the generator of
time evolution.
Let H be a separable Hilbert space, and let {L(s)}s∈I , with I ⊂R a compact
interval, be a family of selfadjoint operators on H with the following properties:
(A1) The operators L(s), s∈ I, are selfadjoint on a common domain, D, of deﬁ-
nition dense in H.
(A2) The resolvent R(i, s) := (L(s) − i)−1 is bounded and differentiable, and
L(s)R˙(i, s) is bounded uniformly in s ∈ I , where (·) denotes the derivative with
respect to s.
Existence of time evolution. If assumptions (A1) and (A2) hold then there exist
unitary operators {U(s, s′)|s, s′ ∈ I } with the properties:
For all s, s′, s′′ in I ,
U(s, s)=1,U(s, s′)U(s′, s′′)=U(s, s′′),
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U(s, s′) is strongly continuous in s and s′, and
i
∂
∂s
U(s, s′) =L(s)U(s, s′), (5)
for arbitrary  ∈D, s, s′ in I ; (U is called a “propagator”).
This result follows from, e.g., Theorems X.47a and X.70 in [15] in a straightfor-
ward way; see also Theorem 2 of Chapter XIV in [16]. (Some sufﬁcient conditions
for (A1) and (A2) to hold are discussed in [12].)
In order to prove an adiabatic theorem, one must require some additional
assumptions on the operators L(s).
(A3) We assume that L(s) has an eigenvalue λ(s), that {P(s)} is a family of
ﬁnite rank projections such that L(s)P (s)= λ(s)P (s), P(s) is twice continuously
differentiable in s with bounded ﬁrst and second derivatives, for all s ∈ I , and that
P(s) is the spectral projection of L(s) corresponding to the eigenvalue λ(s) for
almost all s ∈ I .
We consider a quantum system whose time evolution is generated by a family of
operators
Lτ (t) :=L
(
t
τ
)
,
t
τ
=: s ∈ I, (6)
where {L(s)}s∈I satisﬁes assumptions (A1)–(A3). The propagator of the system is
denoted by Uτ (t, t ′). We deﬁne
U(τ)(s, s′) :=Uτ (τs, τ s′) (7)
and note that U(τ)(s, s′) solves the equation
i
∂
∂s
U(τ)(s, s′) = τL(s)U(τ)(s, s′), ∈D. (8)
Next, we deﬁne
La(s) :=L(s)+ i
τ
[P˙ (s),P (s)] (9)
and the corresponding propagator, U(τ)a (s, s′), which solves the equation
i
∂
∂s
U(τ)a (s, s
′) = τLa(s)U(τ)a (s, s′), ∈D. (10)
The propagator U(τ)a describes what one calls the adiabatic time evolution. (Note
that the operators La(s), s ∈ I , satisfy (A1) and (A2), since, by (A3), iτ [P˙ (s),P (s)]
are bounded, selfadjoint operators with bounded derivative in s.)
Adiabatic Theorem. If assumptions (A1)–(A3) hold then
(i) U(τ)a (s′, s)P (s)U
(τ)
a (s, s
′)=P(s′) (intertwining property), for arbitrary s, s′ in I ,
and
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(ii) lim
τ→∞ sups,s′∈I
‖U(τ)(s, s′)−U(τ)a (s, s′)||=0.
A proof of this result can be inferred from [14].
Remarks.
(1) We note that U(τ)(s′, s)=U(τ)(s, s′)∗.
(2) With more precise assumptions on the nature of the spectrum of {L(s)}, one
can obtain information about the speed of convergence in (ii), as τ →∞; see
[12–14]. A powerful strategy to obtain such information is to make use of com-
plex spectral deformation techniques, such as dilatation or spectral-translation
analyticity.
These techniques also enable one to prove an
(3) Adiabatic Theorem for Resonances [17]. This result resembles the adiabatic the-
orem described above, but eigenstates of L(s) are replaced by resonance states,
and one must require the adiabatic time scale τ to be small as compared to
the life time, τres(s), of a resonance of L(s), uniformly in s∈ I . (For shape res-
onances, the techniques in [18] are useful. Precise statements and proofs can be
found in [17].) Similar ideas lead to an adiabatic theorem in non-equilibrium
statistical mechanics [22].
3. The “Isothermal Theorem”
In this section, we turn to the study of isothermal processes of “small” driven
quantum systems, , in diathermal contact with a heat bath, R, at a ﬁxed tem-
perature (kβ)−1. Our notations are as in Section 1; see, Equations (1)–(3).
Let Lτ (t) := L( tτ ) denote the Liouvillian of the coupled system R∨ , where
{L(s)}s∈I is as in Equations (2) and (3) of Section 1 and satisﬁes assumptions (A1)
and (A2) of Section 2. The interval
Iτ =
{
t
∣∣∣∣ tτ ∈ I ⊂R
}
is the time interval during which an isothermal process of R∨ is studied.
We assume that  is driven “slowly”, i.e., that τ is large as compared to the
relaxation time τR=maxs∈I τR(s) of R∨.
Assumption (A3) of Section 2 is supplemented with the following more speciﬁc
assumption.
(A4) For all s ∈ I ≡ [s0, s1], the operator L(s) has a single, simple eigenvalue
λ(s)= 0, the spectrum, σ(L(s))\{0}, of L(s) being purely continuous away from 0.
It is also assumed that, for s s0, L(s)≡L is independent of s and has spectral
properties sufﬁcient to prove return to equilibrium [3,4].
Let β(s)∈H denote the eigenvector of L(s) corresponding to the eigenvalue 0,
for s  s1. Then β( tτ ) is the instantaneous equilibrium state of R∨ at time t .
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Let P(s) = |β(s)〉〈β(s)| denote the orthogonal projection onto β(s); P(s) is
assumed to satisfy (A3), Section 2.
Let (t) be the “true” state of R∨ at time t ; in particular
(t)=Uτ (t, t ′)(t ′),
where Uτ (t, t ′) is the propagator corresponding to {Lτ (t)}; see Equations (5)–(7),
Section 2. By the property of return to equilibrium and assumption (A4),
(t)=β, t τs0, (11)
for an arbitrary initial condition (−∞)∈H at t =−∞.
We set
(τ)(s)=(τs), (12)
and note that, with the notations of Equations (7), (8), Section 2, and thanks to
(11)
(τ)(s)=U(τ)(s, s0)β, (13)
for s ∈ I .
Isothermal Theorem. Suppose that L(s) and P(s) satisfy assumptions (A1)–(A3),
Section 2, and (A4) above. Then
lim
τ→∞ sups∈I
||(τ)(s)−β(s)||=0.
Remarks.
(1) The isothermal theorem follows readily from the adiabatic theorem of Section
2 and from Equation (13) and the deﬁnition of β(s).
(2) We deﬁne the expectation values (states)
ω
β
t (a) :=
〈
β
(
t
τ
)
, aβ
(
t
τ
)〉
(14)
and
ρt (a) :=〈(t), a(t)〉, (15)
where a is an arbitrary bounded operator on H=HR∨ . Then the isothermal the-
orem says that
ρt (a)=ωβt (a)+ 
(τ)t (a), (16)
where
lim
τ→∞
|
(τ)t (a)|
||a|| =0, (17)
for all times t ∈ Iτ .
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(3) If the complex spectral deformation techniques of [2,3] are applicable to the
analysis of the coupled system R∨ then
|
(τ)t (a)|O(τ−
1
2 )||a||; (18)
see [11,17].
(4) All our assumptions, (A1)–(A4), can be veriﬁed for the classes of systems
studied in [2–6] for which return to equilibrium has been established therein. They
can also be veriﬁed for a “quantum dot” coupled to non-interacting electrons in a
metal, or for an impurity spin coupled to a reservoir of non-interacting magnons;
see [1,11,12].
4. (Reversible) Isothermal Processes
In this section, we study general isothermal processes and use the isothermal the-
orem to characterize reversible isothermal processes.
It will be convenient to view the heat bath R as the thermodynamic limit of
an increasing family of quantum systems conﬁned to compact subsets of physi-
cal space, as discussed in [10,19]. The pure states of a quantum mechanical system
conﬁned to a bounded region of physical space are unit rays in a separable Hilbert
space, while its mixed states are described by density matrices, which are positive
trace-class operators with unit trace.
Before passing to the thermodynamic limit of the heat bath, the dynamics of the
coupled system, R∨, is generated by a family of time-dependent Hamiltonians
H(t)≡HR∨(t) :=HR+H(t), (19)
where
H(t)=H0 (t)+g(t)W, (20)
H0 (t) is as in Section 1, and W is the interaction Hamiltonian (as opposed to the
interaction Liouvillian, I =adW , introduced in Section 1).
Let P(t) denote the density matrix describing the state of the coupled system,
R∨, at time t , (before the thermodynamic limit for R is taken). Then P(t) sat-
isﬁes the Liouville equation
P˙(t)=−i[H(t),P(t)]. (21)
The instantaneous equilibrium, or reference state of the coupled system is given,
in the canonical ensemble, by the density matrix
Pβ(t)=Zβ(t)−1e−βH(t), (22)
where
Zβ(t)= tr(e−βH(t)) (23)
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is the partition function, and tr denotes the trace. We assume that the thermody-
namic limits
ρt (·)=TD limR tr(P(t)(·)) (24)
ω
β
t (·)=TD limR tr(P
β(t)(·)) (25)
exist on a suitable kinematical algebra of operators describing R∨; see [4,10,19].
The equilibrium state and partition function of a ﬁnitely extended heat bath are
given by
PβR= (ZβR)−1e−βH
R
, (26)
Z
β
R= tr(e−βH
R
), (27)
respectively.
Next, we introduce thermodynamic potentials for the small system : The inter-
nal energy of  in the “true” state, ρt , of R∨ at time t is deﬁned by
U(t) :=ρt (H(t)) (28)
and the entropy of  in the state ρt at time t by
S(t) :=−kTD lim
R
tr(P(t)[lnP(t)− lnPβR]). (29)
Note that we here deﬁne S(t) as a relative entropy (with the aim of subtract-
ing the divergent contribution of the heat bath to the total entropy). A general
inequality for traces, see [10], says that
S(t)0. (30)
The free energy of  in an instantaneous equilibrium state, ωβt , of R ∨  is
deﬁned by
F(t) :=−kT TD lim
R
ln
(
Zβ(t)
Z
β
R
)
. (31)
Next, we deﬁne quantities associated not with states but with the thermodynamic
process carried out by R∨: the heat ﬂux into  and the work rate, or power, of
. Let δ denote the so called “imperfect differential”. Then
δQ
dt
(t) :=TD lim
R
− d
dt
tr(P(t)HR), (32)
and
δA
dt
(t) :=ρt (H˙(t)); (33)
see [1,8,12] for details.
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We are now prepared to summarize our main results on isothermal processes.
The ﬁrst two results are general and concern the ﬁrst law of thermodynamics and
the relationship between the rate of change of entropy and the heat ﬂux into .
The remaining three results are corollaries pertaining to free energy and changes of
entropy in reversible isothermal processes, i.e., processes in which states are sam-
pled at equilibrium, and on the zeroth law of thermodynamics.
(1) From deﬁnitions (28), (32) and (33) and the Liouville equation (21) it follows
that
U˙(t)= δQ

dt
(t)+ δA

dt
(t), (34)
which is the ﬁrst law of thermodynamics; (hardly more than a deﬁnition of δA

dt ).
(2) Note that, by the unitarity of time evolution and the cyclic invariance of the
trace,
d
dt
tr(P(t) lnP(t))=0,
and
d
dt
tr(P(t) lnZβR)=
d
dt
lnZβR=0.
Together with deﬁnitions (26), (29) and (32), this implies that
S˙(t)= 1
T
δQ
dt
(t), (35)
for arbitrary isothermal processes at temperature T = (kβ)−1.
(3) Next, we consider an isothermal process of R∨ during a ﬁnite time inter-
val Iτ = [τs0, τ s1], with s0 and s1 ﬁxed. The initial state ρτs0 of R∨ is assumed to
be an equilibrium state ωβτs0 of the Liouvillian Lτ (τs0)=L(s0). We are interested
in the properties of such a process when τ becomes large, i.e., when the process is
quasi-static.
Result. Quasi-static isothermal processes are reversible (in the sense that all inter-
mediate states ρt of R∨, t ∈ Iτ , converge in norm to instantaneous equilibrium
states ωβt , as τ →∞).
This result is an immediate consequence of the isothermal theorem. It means
that, for all practical purposes, an isothermal process with time scale τ is reversible
if τ  τR=maxs∈I τR(s).
(4) For reversible isothermal processes, the usual equilibrium deﬁnitions of inter-
nal energy and entropy of the small system  can be used:
Urev(t) :=ωβt (H(t)), (36)
Srev(t) :=−kTD limR tr(P
β(t)[lnPβ(t)− lnPR])= 1
T
(Urev(t)−F(t)), (37)
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where the free energy F(t) has been deﬁned in (31), and the second equation in
(37) follows from (22), (26), (31) and (36). Eqs. (37) and (31) then imply that
S˙rev(t)=
1
T
(
d
dt
ω
β
t (H
(t)
)
−ωβt (H˙(t)).
Recalling (34) and (35), and applying the isothermal theorem, we ﬁnd that
S˙(t)→ S˙rev(t), (38)
δA
dt
(t)→ F˙ (t), (39)
as τ →∞.
(5) We conclude this overview by considering a quasi-static isothermal process of
R∨ with H(s)→H0 , g(s)→0, as s ↗ s1, i.e., the interactions between R and
 are switched off at the end of the process. Then the isothermal theorem implies
that
lim
τ→∞ lims↗s1
ρτs =ωβR⊗ωβ, (40)
where ωβR(·)= (ZβR)−1tr(e−βH
R ·), see (26), and
ω
β
(·)= (Zβ)−1tr(e−βH

0 ·) (41)
is the Gibbs state of the small system  at the temperature (kβ)−1 of the heat
bath, independently of the properties of the diathermal contact (i.e., of the inter-
action Hamiltonian W ), assuming that (A1)–(A4) hold for s <s1.
This result and the property of return to equilibrium for the heat bath R yield,
in essence, the 0th law of thermodynamics.
Carnot processes and the 2nd law of thermodynamics are discussed in [1]; (see
also [10,20,21]). An important variant of the adiabatic theorem for non-equilib-
rium stationary states will appear in [22]. The analysis in [22] is based on some
basic techniques developed in [23].
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